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Using Probabilistic Analysis with Finite Element Modeling
of High Temperature Geothermal Well Casings
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Karlsdóttir

Faculty of Industrial Engineering, Mechanical Engineering and Computer Science,
University of Iceland, Hjarðarhagi 2-6, 107 Reykjavík, Iceland

Abstract

High temperature geothermal wells which are drilled in geothermal areas are constructed of sev-
eral concentric steel casings that are cemented together. The structural integrity of such well casings
is essential for the utilization of high temperature geothermal wells. The temperature change in high
temperature geothermal wells is large and much larger than commonly seen in oil wells. This large
temperature change can cause problems in the casing due to thermal expansion of materials. The well-
head rises during discharge due to thermal expansion of the steel in the casing and the large temper-
ature change can also lead to casing collapse due to expanding annular fluids. With recent increasing
interest in drilling deeper geothermal wells the strength of the casing becomes one of the most limiting
factor. A nonlinear structural finite element model of the cased well is presented and discussed here.
The purpose of the model is to evaluate the structural integrity of the casing when it is subjected to
thermo-mechanical loads. The outcome of the model depends highly on the accuracy of the input pa-
rameters, i.e. geometrical sizes and material properties. The accuracy of the results are evaluated with
the use of probabilistic design analysis where selected input parameters of the model are assumed to
contain a reasonable amount of scatter. The uncertainties of the model can thus be quantified.

1. Introduction

Geothermal wells are constructed of several
concentric steel casings which are fully cemented
together and cemented to the rock formation.
Usually, three casings are used; the production
casing, anchor casing and surface casing. The
wellhead consists of a casing head flange, expan-
sion spool and a master valve. The wellhead is
attached to the top of the anchor casing and the
production casing movements relative to the an-
chor casing is accommodated below the master
valve inside the expansion spool [5].

During the discharge of high temperature
geothermal wells, the temperature difference in
the well from non-flowing to flowing conditions
is large. To take an example, reservoir temper-
atures in the Krafla high temperature geother-
mal area in Iceland typically range from 210 ◦C to
350 ◦C [11]. The large temperature change gen-
erates thermal stress in the casing which is par-
tially constrained by the concrete. While the well
warms up the wellhead rises as a result of ther-
mal expansion of the casings and concrete. Cas-

ing failures can lead to a reduced energy output
from the well, render it inoperative and in worst
cases cause unsafe conditions above the surface.
Thus the structural integrity of well casings is
essential for the utilization of high temperature
geothermal wells.

The casings and the wellhead form a struc-
tural system which is unpractical to solve ana-
lytically mainly due to the nonlinear behavior
of the contacting surfaces. Therefore, the struc-
tural system is analyzed numerically with the use
of the nonlinear finite element method (FEM). A
thermal and nonlinear structural model of the
cased well is constructed where nonlinearities,
e.g. friction, plasticity and large non-uniform
deformations are accounted for. The nonlinear
axi-symmetric model described here is a con-
tinuation of the work described by Kaldal [7].
Other models of geothermal wells have been cre-
ated, e.g. an elastic 2D FEM model presented
by Gretarsdottir [4] and a nonlinear FEM model
by Magnusdottir where the bonding characteris-
tics between the production casing and its outer
concrete were analyzed [10]. The collapse of
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the production casing is a non-symmetrical phe-
nomenon which cannot be analyzed with this
model but has been modeled with nonlinear 3D
FEM models by Kaldal [6][8].

As opposed to deterministic analysis, where
input parameters are treated as constants which
results in a one possible solution, a probabilistic
approach is used, where the input parameters are
assumed to contain a reasonable amount of scat-
ter, which then gives an estimate of the model un-
certainties. Here, selected results from the FEM
model are used as outputs for the probabilistic
analysis. Scatter plots of the input parameters
versus the output results reveal which input pa-
rameters are significant to the results of the FEM
model. A cumulative distribution function of
the wellhead movement and the maximum von
Mises stress in the casings and surrounding con-
crete is obtained here and are used to review the
uncertainty of the model. In this paper, proba-
bilistic analysis of the FEM model is presented
where several input parameters are evaluated.

2. Probabilistic design

Probabilistic design is an analysis technique
for assessing the effect of uncertain input pa-
rameters and model assumptions [1]. Using this
method the uncertainties of the model can be
quantified by acknowledging that the input pa-
rameters are not constants but rather parame-
ters that follow statistical distribution functions
such as Gaussian or normal distribution. By this
assumption the limited outcome of determinis-
tic results is avoided and the uncertainties in
the model and probability distribution of the re-
sults are analyzed. Of course, the modeling error
which refers to the difference between the physi-
cal system and its mathematical model [2] can be
larger due to numerous approximations made to
the geometry, material properties, load, etc. But
all in all this method gives a map of the results
rather than one point.

Intertwined in the method is the determina-
tion of the sensitivity of individual parameters to
the results. For the model described below, each
input parameter is assumed to follow normal dis-
tribution given by assumed mean and standard
deviation. The probabilistic analysis employs the
Monte Carlo Simulation method with Latin Hy-
percube Sampling, which avoids repeated sam-
ples [1]. A given number of simulation loops are
performed and before each loop, individual in-
put parameter is randomly given a value within
its normal distribution domain. When the simu-
lation loops are finished the sensitivity of the in-

put parameters to the results can be visualized
with scatter plots.

For the probabilistic analysis used on the FEM
model described below, 400 simulation loops
were used. The selected input parameters that
were used for the probabilistic analysis are listed
in Table 1. Their assumed means and standard
deviation are listed as well. The standard devia-
tion σ provides the sample range for the param-
eter and 99.7% of the samples should fall within
3σ from the mean provided that the number of
simulation loops is sufficient.

Table 1: Probabilistic design input parameters (mean and as-
sumed standard deviation).

Parameter Units Mean Std
µ - 0.45 0.15
τmax MPa 0.46 0.13
Eco GPa 2.4 0.6
Egr GPa 80 20
fc MPa 30 7.5
ρst kg/m3 6125 150
ρco kg/m3 1600 200
αst

1/◦C 12e-6 1e-6
αco

1/◦C 10e-6 1.5e-6
σ-εsc - 1 0.1

3. FEM model description

A nonlinear thermal and structural model of a
high temperature geothermal well which reaches
from the wellhead to the bottom of the produc-
tion casing is constructed with the use of the
finite-element method (FEM). The focus is to
analyze the structural system which consists of
a wellhead and several concentric casings con-
nected together and to the formation with con-
crete. The model is two dimensional and axi-
symmetric around the center of the well. It in-
cludes nonlinearities which are found in large ge-
ometrical displacements, in material properties
and in connectivity between contacting surfaces.

The model, shown in Figure 1, is paramet-
rically designed so geometrical sizes and mate-
rial properties are adjustable by the user. Sim-
plified couplings with no threads are included in
the production casing to account for the anchor-
ing effect of the couplings in the concrete. A sim-
plified wellhead based on an actual design is also
included to account for pressure loads and the in-
teraction between the casing and the wellhead.
Material properties and reference values that are
used in the model are listed in Table 2. Addition-
ally, the reference value for the coefficient of fric-
tion between steel and concrete is µ = 0.5 and

2
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W 

Figure 1: The geometry of the model.

the maximum shear stress when sliding initiates
is τmax = 0.46MPa. Nonlinear material prop-
erties of steel grades K55, L80, T95 and X56 are
implemented in the model with the use of stress-
strain curves which were obtained from tensile
tests [9]. The concrete is assumed to yield plas-
tically above its maximum compressive strength
and the formation is assumed to be solid basaltic
rock.

Table 2: Material properties and numerical values used in the
model.

Material property Units Steel Concrete
Young’s modulus (E) GPa 210 2.4
Poisson’s ratio (ν) - 0.3 0.15
Density (ρ) kg/m3 7850 1600
Th. conductivity (K) W/m◦C 50 0.81
Specific heat (c) J/kg◦C 400 880
Th. expansion (α) 1/◦C 12e-6 10e-6
Compressive strength (fC) MPa - 25e6

The frictional connection between surfaces
in particular makes the model computationally
complex. Contact element pairs are used be-
tween contacting surfaces. Their main purpose
is to prevent surfaces to intersect each other,
while still allowing gap formation and tangential
movement between casings and concrete. The
Coulomb friction model is used to describe fric-

tion between contacting surfaces, where it can
withstand shear stresses up to a certain magni-
tude across its interface before they start sliding
relative to each other [1]. Once the equivalent
shear stress exceeds τmax relative sliding begins.
The Coulomb friction model is defined as:

τ =

{
µP + b if τ < τmax

τmax if τ ≥ τmax
(1)

where τ is the equivalent shear stress, τmax is the
maximum shear stress, µ is the isotropic coeffi-
cient of friction, b is the contact cohesion and P is
the contact normal pressure, see Figure 2 for the
graphical interpretation of the Coulomb friction
model.

Sliding 

Sticking 

μ 

τlim 

τmax 

b 

p 

τ 

Figure 2: The Coulomb friction model in Ansys [1].
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The boundary conditions of the model are
defined such that no displacements are allowed
in the lower and outer boundary of the model.
The lower boundary is located 20 m deeper than
the production casing shoe and the outer (radial)
boundary of the rock formation is 20 m outward
from the well, which is sufficient for both the
thermal and the structural parts of the model.
The wellhead movement is observed at the nodal
point denoted with W on Figure 1.

4. Results

4.1. FEM results from a single simulation run

FEM results from a single simulation run,
with the material properties values listed in Ta-
ble 2, are presented here.

Figure 3: Temperature distribution 2.5 hours after discharge
(◦C).

The calculated temperature distribution at the
top of the well 2.5 hours after discharge, which
will be the reference time of the subsequent re-
sults, is displayed in Figure 3. A temperature
change of 200 ◦C is assumed. The displacement
at the top of the well is displayed in Figure 4. In
this run the displacement of the production cas-
ing is 35.8 mm and the wellhead displacement is
11.7 mm. Stress concentration near the couplings
of the casing is illustrated in Figure 5 where the
maximum stress in the steel is produced near the
couplings and in Figure 6 where the maximum
stress in the concrete forms at the top of the cou-
plings. In this case the maximum stress for both
the concrete and the casing is formed at the sec-
ond highest coupling.

Figure 4: Displacement of the wellhead 2.5 hours after
discharge (m). The displacement of the production
casing is 35.8 mm and the wellhead displacement is
11.7 mm.

Figure 5: Von Mises stress at the second highest coupling
(Pa).

Figure 6: Von Mises stress of concrete at the second highest
coupling (Pa).
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Figure 7: Histograms of normally distributed input parameters.

4.2. Distribution of inputs and outputs

The material properties for the FEM model
that were selected as input parameters for the
probabilistic analysis are listed in Table 1. His-
tograms of the input parameters which were as-
sumed to follow normal distribution are seen in
Figure 7. The samples of the input parameters
follow normal distribution which confirms that
for the probabilistic analysis, 400 Monte Carlo
simulation loops are sufficient.

The results from the FEM model that were se-
lected as outputs for the probabilistic analysis, i.e.
wellhead displacement and maximum von Mises
stress in the production casing, the anchor casing
and the surrounding concrete for each casing, are
displayed in the histograms in Figure 8 and dis-
cussed in the discussion section below.

4.3. Correlation between inputs and outputs

Scatter plots showing the correlation between
the selected input parameters and the selected
outputs of the model are illustrated in Figure 14.
A significance level of the correlation between
input and outputs is chosen to be 2.5%, so that
R2 < 0.025 is dismissed as insignificant.
For the first column, the wellhead displacement,
the significant parameters are; µst, τmax and αst

with correlations of R2 = 0.02528, R2 = 0.32987
and R2 = 0.35066. All other input parameters
are of no significance to the wellhead movement.
Summary of the significant parameters and cor-
relations is listed in Table 3.

Table 3: Significant input parameters and correlation with the
results.

Output Input R2

Wellhead µst 0.02528
displacement τmax 0.32987

αst 0.35066
Max. von Mises stress of αst 0.36826
the production casing σ-εsc 0.73963
Max. von Mises stress of τmax 0.62363
the production concrete Eco 0.15270

fc 0.03274
αst 0.09283
σ-εsc 0.02940

Max. von Mises stress of ρst 0.02701
the anchor casing ρco 0.21588

αst 0.73663
Max. von Mises stress of Eco 0.83435
the anchor concrete αst 0.11622

4.4. Cumulative distribution function

If the results from all the Monte Carlo sim-
ulations are sorted and plotted against the pro-
portion of the result values an empirical cumu-
lative distribution function (CDF) of the results
is obtained. These plotted curves can then be
used to visualize the results. From the wellhead
displacement results for example, seen in Figure
9, it can be stated with 90% certainty that the
wellhead displacement is less than or equal to
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Figure 8: Histograms of the selected output results from the probabilistic analysis.

10 mm, with 95% certainty that the displacement
is below 11 mm and with 99% certainty that the
maximum rise of the wellhead during discharge
will be 15 mm. This of course depends on the
premises of all the input parameters, the model
assumptions and limitations, and the assumed
load the well is subjected to.
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Figure 9: Empirical cumulative distribution function (CDF)
plot of the wellhead displacement

Similar statements, as were made to the well-
head movement, can be made to the cumulative
distribution function plot of the maximum von
Mises stress for the production casing, its sur-
rounding concrete, the anchor casing and its sur-
rounding concrete which are displayed in Fig-
ures 10-13. Statistical summary of the output re-
sults from the probabilistic analysis is listed in ta-
ble 4.
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Figure 10: Empirical CDF plot of the maximum von Mises
stress in the production casing
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Figure 11: Empirical CDF plot of the maximum von Mises
stress in the production concrete
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Figure 12: Empirical CDF plot of the maximum von Mises
stress in the anchor casing
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Figure 13: Empirical CDF plot of the maximum von Mises
stress in the anchor concrete

Table 4: Statistical summary of the output results from the
probabilistic analysis.

Mean Std Min Max
i. 8.43 1.52 5.19 18.1
ii. 335.6 29.73 254.6 426.5
iii. 44.86 19.55 14.11 120.6
iv. 159.2 13.69 122.3 203.1
v. 9.589 2.163 3.010 17.16
i: Wellhead displacement.
ii: Max. von Mises stress of the production casing.
iii: Max. von Mises stress of the production concrete.
iv: Max. von Mises stress of the anchor casing.
v: Max. von Mises stress of the anchor concrete.

5. Discussion

In the single run of the FEM model it was il-
lustrated how the results appear after 2.5 hours
which was the reference time for the probabilis-
tic analysis. The temperature distribution shown
in Figure 3 illustrates how shallow the tempera-
ture front has reached during this time. Figure
4 illustrates the wellhead displacement and how
the production casing slides inside the wellhead.
The stress concentration region which is located
at the couplings is illustrated in Figures 5 and 6.

The selected outputs of the FEM model for the
probabilistic analysis are not as distinctively nor-
mally distributed as the input parameters which
were randomly given a value within the normal
distribution domain. The histograms of the re-
sults seen in Figure 8 do however reveal that,
apart from the maximum von Mises stress in the
concrete surrounding the production casing, the
results follow normal distribution nevertheless.
The standard deviation given for the input pa-
rameters in the probabilistic analysis are inten-
tionally large but might be a bit too spacious.
Excluding the insignificant input parameters and
narrowing the standard deviation of the signif-
icant input parameters should remove some of
the noise and improve the results from the prob-
abilistic analysis.

The correlations between input and output
parameters reveal which input parameters are
significant for each of the output results, see Ta-
ble 3. Thermal expansion of the casings αst and
the parameters for friction, µst and τmax, proved
to be significant to the wellhead displacement,
µst the least significant of the three with a cor-
relation of R2 = 0.02528. Thermal expansion of
steel αst is significant for all the selected output
results. Specially for the maximum von Mises
stress of the production casing and the anchor
casing. Scaling the stress-strain curve for steel
appears only to be significant for the maximum
stress in the production casing and its surround-
ing concrete sliding freely inside the anchor cas-
ing and the wellhead. The anchor casing on the
other hand is connected to the wellhead which
results in less degree of freedom.

The maximum von Mises stress might not
be a good output from the probabilistic analysis
since it is a local peak stress which does not re-
semble the whole casing. Instead or rather addi-
tionally, because the maximum is surely of inter-
est, mean stress with standard deviation could be
a better option of outputs for comparison.

The cumulative distribution functions (CDF)
of the output results, Figures 9 to 13, illus-
trate the uncertainties of the model. For ex-
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ample it can be stated with 95% certainty and
with these premises that the wellhead displace-
ment is below 11 mm, the maximum von Mises
stress in the production casing will be lower than
390 MPa, its surrounding concrete 82 MPa, the
anchor casing 182 MPa and its surrounding con-
crete 13 MPa. This means that the production cas-
ing has reached beyond the proportional limit of
the stress-strain curve for K55 steel which has a
minimum yield strength of 379 MPa[3], its sur-
rounding concrete is partially broken, but the se-
curity casing and its surrounding concrete are
still intact, again with 95% certainty.

6. Conclusion

In this paper, probabilistic analysis of a struc-
tural FEM model of a high temperature geother-
mal well was presented. Using probabilistic
methods on FEM models provide a broader un-
derstanding of the problem and the model itself
and produce a topography of the results as well
as enabling the uncertainties of the model to be
quantified.
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Nomenclature

E Young’s modulus

Est Young’s modulus of steel

Eco Young’s modulus of concrete

Egr Young’s modulus of formation

ν Possion’s ratio

ρ Density

ρst Density of steel

ρco Density of concrete

fc Compressive strenght of concrete

K Thermal conductivity

c Specific heat

α Thermal expansion

αst Thermal expansion of steel

αco Thermal expansion of concrete

µ Coefficient of friction

τmax Maximum shear stress

τlim Limit shear stress

τ Equivalent shear stress

P Contact normal pressure

b Contact cohesion

R2 Coefficient of determination

σ Standard deviation

σ-εsc Stress-strain curve scaling factor
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